Tutorial Notes 10

1. Find a parametrization of the spherical cap 22 + y? + 22 =8, z > —2.
Solutions:

We use spherical coordinates. Then a parametrization is
3
(2\/§sin¢cose, 2v/2 sin ¢ sin 6, 2v/2 cos ), 0<¢< f, 0<6<2r.

2. Find the area of the portion of the plane y + 2z = 2 inside the cylinder 22 + 3? = 1.
Solutions:
Let F(x,y,z) = y + 2z, then the surface is on the level set F'(x,y,z) = 2 where
22 + 9% < 1. Then
)
s = g dzdy.

Hence the area is

/ \/—5 drdy = éw.
224y2<1 2 2

3. (a) Find a generalized spherical coordinate parametrization of the ellipsoid z%/a* +

Y2 /0? + 2% )2 = 1.
(b) Write the integral of the surface area.
Solutions:
(a) A spherical coordinate parametrization is

(asingcosf, bsingsinf, ccosp), 0< ¢ <7m 0<0 <27
(b) Using the above parametrization,
re = (acos ¢ cosf,bcospsinb, —csin @)
rg = (—asin¢gsinf, bsin ¢ cos b, 0).
Then
re X rg = (—bc sin? ¢ cos 0, acsin® ¢ sin 0, absin ¢ cos @)

and

ds = \/02 sin® ¢ (b2 cos? @ + a2 sin® 0) + a2b? sin? ¢ cos? ¢ dg dé.



The surface area is

2 s
/ / \/62 sin? ¢ (b2 cos? 0 + a2 sin? 0) + a2b? cos? ¢ sin ¢ d¢ db.
o Jo

4. Evaluate
/ V51248,
where S: z =1 — 2% —y2, 2> 0. ’
Solutions:
= \/HTZ—FKLy? dx dy.

Then

/$2x/5—4zd5':/ 23 (/1 + 422 + 492)* da dy
S

z24y2<1

:/ (1 + 42% + 49*) do dy
z2+y2<1

2., .2
:/ Tty (1 +42% + 4y*) dz dy
z24y2<1

2
2
// 1+4r - dr do
117T
T2

5. Find the flux of the vector field (y?, zz, —1) outward through the cone z = \/x2 + y2,
0<z<2.
Solutions:

Since the cone is a portion of 22 + y? — 22 = 0, an outward normal vector is

(2x,2y, —2z),
whose unit vector is
(33', Y, _Z)
V22

Moreover,

dS = /1 + 22+ 22dady = V2da dy.

/ (v? 2z, —1) - (2.9, = )\/—dmdy
x24y2<4

Hence the flux is

V22
:/ Iy2+xyz+zdxdy
2+y2<4 z
= / dz dy
x24y2<4
= 4.



